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Nonequilibrium Dissociating Flow over a Cusped Body
HSU* AND JOHN E. ANDERSONf

Iowa State University, Ames, Iowa

Exact solutions are obtained for a nonequilibrium dissociating flow of a calorically imper-
fect, diatomic gas over a cusped body that supports a plane, oblique shock. Numerical ex-
amples are presented for N2 at an altitude of 250,000 ft with Mco ranging from 13 to 26, and a
shock angle of 80°. Comparison of the results obtained from the models of the simple har-
monic oscillator and the Lighthill ideal dissociating gas is made. Variations of the pressure,
density, temperature, and degree of dissociation along the streamline are obtained.

Nomenclature

a = sound speed
Cp,cv = specific heat at constant pressure and volume, respec-

tively
D = dissociation energy per unit mass at 0°K
/ = partition function
h = enthalpy
kr = recombination rate parameter
ID = hi — hz} heat of dissociation per unit mass
M = Mach number
m = gram mass per mole
n,s = natural coordinates, distance normal and along the

streamline, respectively
p = pressure
Q = heat added
q = flow speed
R = gas constant, Ri = 2R2 for diatomic gas
S = specific entropy
T = temperature
Tv = characteristic vibrational temperature
v = 1/p, specific volume
t = time
a = degree of dissociation
13 = shock angle
r = cpjcvv ratio of specific heats at frozen condition
0 = streamline angle
/z = chemical potential
£,77 = shock-oriented coordinates, distance normal and along

the shock, respectively
p = density
\l/ = stream function
u( T) = a thermal function, as shown in Eq. (9)
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Subscripts
1,2 = for atomic and molecular species, respectively

oo = freestream values
e = equilibrium values
0 = frozen values
s = values immediately behind the shock

Introduction

FOR hypersonic vehicles traveling in air, the gas tempera-
ture behind the shock may be high enough to excite the

vibrational modes of a diatomic gas and the chemical reac-
tions between the different species in the gas. Since the
shock layer is usually very thin, this high-temperature energy,
obtained almost instantaneously behind the shock, is ab-
sorbed rather gradually by the gas vibrational excitation and
gas dissociation. These gradual processes with a finite rate
of vibrational relaxation and chemical reaction cause the
phenomenon of thermodynamic nonequilibrium behind the
shock.

In order to gain some insight into the physics of the non-
equilibrium flow, it is advantageous first to investigate this
flow over some simple bodies of the sharp or pointed nose
type, such as the cusped body, the wedge, and the cone.
It is of basic interest to see how in these cases the simple,
classical, supersonic flows are modified due to departure from
thermodynamic equilibrium. Sedney1"3 has studied suc-
cessfully the problems of nonequilibrium vibrational flow
over such bodies. Epstein4 has treated the problem of non-
equilibrium dissociating flow behind a plane, oblique shock
(or over a cusped body) by using LighthnTs ideal dissociating
gas. Capiaux and Washington5 recently have treated the
problem of nonequilibrium dissociating flow past a wedge by
using the method of characteristics and assuming also Light-
hilPs ideal dissociating gas.

The mechanism of vibrational oscillation for a diatomic
gas is quite complicated. For simplicity, the assumption of
LighthnTs6 ideal dissociating gas commonly is used, i.e., to
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count only one-half of the total vibrational energy excited.
Although the Lighthill assumption is quite reasonable, it
would be more valuable to treat the dissociating diatomic
gas by a more accurate model and to compare it with the
Lighthill gas model.

The purpose of the present analysis is to treat the non-
equilibrium dissociating flow by using a calorically imper-
fect, diatomic gas. Only one type of diatomic gas, such as
N2 or 02, is considered. It is assumed in this analysis that
each gas species is thermally perfect during the dissociation
process. For a thermally perfect gas, the caloric equation
of state for its internal energy or enthalpy is, in general, a
function of temperature7 only. However, the specific heat
for the diatomic species in a constant volume or pressure
process is not necessarily constant as in the Lighthill ideal
gas. For simplicity, the effects of diffusion, viscosity, and
heat conductivity in the flow regime of interest are neglected.
It also is assumed that this nonequilibrium dissociating flow
is always in vibrational equilibrium t so that the comparison
with LighthnTs gas model is possible. The present analysis
is used to obtain the exact solution of a nonequilibrium dis-
sociating flow over a cusped body that supports a plane,
oblique shock, The approach taken here is similar to the
one introduced by Sedney1 for a vibrationally relaxing gas
but is different from Epstein's4 treatment. The simple
harmonic oscillator is chosen later for the gas model. This
resuit then is compared to the solution obtained by using the
Lighthill ideal dissociating gas. It is shown also that the
present analysis may be used to obtain the nonequilibrium
dissociating flow over a wedge for a calorically imperfect,
diatomic gas.

Equations of Motion

The fundamental equations of motion in a steady, two-
dimensional, isoenergetic, and nonequilibrium dissociating
flow, using natural coordinates, are as follows:10

Continuity

where

Momentum

~N 1 ~x I •>.p os q os on

pq Zs = ~te

(1)

(2)

flT
c* (T) = f cPidT -Tfcpi — + h,' - St'T (9)

= f cpidT + (10)
and F(p, T, a) is a given function for the rate of chemical
reaction, and hi and Si' are some constant values at a certain
temperature.

Equations (1-8) involve eight unknowns, p} p, T7, q, 6,
h, S, and a. Combining Eqs. (1, 2, 5, and 6), together with
some thermodynamic relations for S, one is able to eliminate
p and p from the equations of motion and obtain the following
relation:10

where M0
Z = qz/(Tp/p) is the frozen Mach number, and

(dQ/dT)p,a acpi + (1 - g)cptr _
-

1 da = J^ dp _ 1 dp
ds ~ fp 5s ~ P dsi + a c

The term [1/(1 + a) — lD/cPOT] has a very significant

pq os bn

Energy

Second Law

T dS = dh - ^ -
P

dh + q dq = 0

+ 1 — «

State

Reaction Rate

p = (1 + a) p R*T

h = a hi + (1 — a) hz

q(ba/bs) = F(p,T,a)

(3)

(4)

(5)

(6)

(7)

(8)

I It would be more realistic to consider the coupling effect
between the vibrational relaxation and chemical reaction. This
coupling effect for N2 and O2 has been considered by Treanor
and Marrone8 and others, and for the mixture of air it has been
considered by Lin and Teare.9

Fig. 1 Streamline in shock-oriented coordinates.

meaning in the determination of the values of streamline
curvature and velocity gradient behind a shock.10 This
term would correspond to the general exact expression
[(dp/da) P,s - (MI - V2)(dp/dS)p,a/T]/pao2 appearing in
the equations of characteristics obtained by Capiaux and
Washington5 provided that each gas species is thermally per-
fect. This can be shown by comparing Eq. (22) in Ref. 10
directly to Eq. (26) in Ref. 5. In this case the equations of
characteristics5 for nonequilibrium dissociating flow become

dp _
bs

T + D and

= 0

(13)
For LighthilPs ideal dissociating gas, 1D =
cpo = (4 + a)R2j one has

1 _ JD_ = 1 / 3 _ D \
1 + a cPOT 4 + a \1 + a R2TJ

which checks with the results used by Capiaux and Wash-
ington.5
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Flow behind an Oblique Shock

For a straight shock, one can see that all the flow variables
behind the shock depend only on the distance along the nor-
mal to the shock. Therefore, a shock-oriented coordinate
system (£,77) may be introduced as shown in Fig. 1, and a
solution with flow variables independent of 77 is sought.
The relation between the shock-oriented coordinates and the
natural coordinates (n,s) is

d
- (14)

since d/dr? = 0. Substituting Eq. (7) into Eq. (4) and dif-
ferentiating it with respect to £, one has

[a cPl - a)cpz] (15)

Equation (11) may be rewritten in shock-oriented coordinates
by using Eq. (14):

q cot(/3 - 0) |! = 0 (16)

The velocity g can be solved in terms of 6 by means of the
momentum equations. Combining Eqs. (2) and (3) and
using Eq. (14), one can obtain an ordinary differential equa-
tion for the velocity relation:

(17)
This can be in
]8 and yields

dq/dt; = — q tan(/3 — Q)(d6/d%) (17)

itegrated easily for a given constant shock angle

q = qs cos(/3 — 08)/cos(/3 — 6) (18)
where qs and Bs are known values that can be obtained from
the shock relations for a given freestream condition. It may
be interesting to note that Eq. (17) can be written as d[q
cos(/3 — 6)] = 0, which indicates that the type of solution
presented here could be obtained also by superimposing the

onequilibrium
streamline
(body shape)

Distance along free stream direction,
X x icf'ft

Fig. 2 Body shape supporting an oblique shock for N2
atmosphere corresponding to 250,000 ft.

M«« 12.7
I I " I I

Streamline angle, -j-

Fig. 3 Degree of dissociation along streamline for N2
atmosphere corresponding to 250,000 ft.

solution for a normal shock and a constant velocity parallel to
the normal shock.

Now eliminating da/d% from Eqs. (15) and (16) and mak-
ing use of Eqs. (17) and (18), one obtains the first derivative
of T with respect to 6 as a function of T7, a, and 6:

dT 2(1 + a)T
(1 + a - cPOT/lD) sin2(/3 - 6)

qs* cos2(ff - 6S) tan(j8 - 6)
X

CPO J
(19)|_r Rz(l -i- a- CPOT/1D)

Similarly, eliminating dq/d% from Eqs. (16) and (17) and

1.2 1.3 1.4 1.5 1.6

Streamline angle,

Fig. 4 Temperature distribution along streamline for N2
atmosphere corresponding to 250,000 ft.
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using Eq. (18), the first derivative of a with respect to 0 is
obtained as a function of T, a, and 6:

ID _ 1 1 dct _ _
cPOT ~ 1 + a] dd ~ sir

- ds) tanQS - ff)
cos2(/3 - 0)

(20)

Note that CPQ and F in Eqs. (19) and (20) are, in general,
functions of T and a, and that ID is a function of T7 for a
€alorically imperfect gas. Equations (19) and (20) are two
first-order, nonlinear, differential equations in T and a which
can be solved in terms of 0 by iteration methods.

An explicit solution, for p may be obtained in terms of &
from Eq. (1) by using Eqs. (14) and (17) :

p/Ps = tan(/3 - 0.)/tan(£ - 0) (21)

which, upon applying the oblique shock relations, gives

P/pm = tan/3/tan(£ - 6) (22)

It is interesting to note that the density along any streamline
depends only on one freestream condition, p^.

Furthermore, an expression for p may be obtained from
Eq. (3) by making use of Eqs. (14, 18, and 21), giving

p = ps + PS qs* sin2(/5 - 0.)[1 - tan(/3 - 0)/tan(/3 - 0.)]
(23)

which, with the oblique shock relations, yields

p = Pco + PCO q^ sin2/3[l - tan(/3 - 0)/tan/3] (24)

It is necessary also to have a rate equation for the dis-
sociating gas. The rate equation that has been used in the
following numerical example is taken from Bloom and
Steiger:11

da a) 1 T _ a)e-D/*ir _ _P J
J L Pd J (25)

where pd = (nii/2V) (fiz/fz); Wi is the mass of atom, V the
volume, and / the partition function.6

Streamline angle, 4-

Fig. 5 Pressure distribution along streamline for N2 at-
mosphere corresponding to 250,000 ft.

Numerical Solutions

The numerical solutions of Eqs. (19) and (20) yield only
the relations between the flow variables (a,T) and the flow
inclination 0. In order to express the flow variables as a
function of space coordinates (£,17), one must be able to re-
late 0 with £ and 77 by means of the rate equation (25) and
the gradient equation for a, Eq. (20), as given below. First,
making use of Eqs. (14) and (18), one has

at ds

which, upon integration, yields

{ = «. cos(/3 - ft)

- 0S) tan(/3 - 0) (26)

where
respectively.
follows :

tanOJ - « ̂  (27)

and dot/dt are given in Eqs. (20) and (25),
On a streamline, 77 must be related to £ as

77 = qs cos(p —

Suppose that all the boundary conditions for the flow vari-
ables immediately behind the shock can be determined from
the shock relations and the freestream conditions. For
each small increment of A0, one may obtain the corresponding
changes of AT7 and Aa from Eqs. (19) and (20), respectively,
with a digital computer. With the substitution of the new
values of p, T, and a into Eq. (25), a new reaction rate da/dt
for the corresponding increment of A0 may be found. Since
da/dt gradually must approach zero as the equilibrium state
is attained, the upper limit 6e of integration in Eqs. (27) and
(28) may be determined correspondingly. As da/dt —> 0,
da/dd is still finite, and so £e and rje theoretically become
infinite. Actually the curvature of the body approaches
zero rather quickly, and the gas is, for all practical purposes,
in equilibrium at finite %e and 77*. Performing the integra-
tion for £ and 77 in Eqs. (27) and (28) for every small incre-
ment A0, one obtains the corresponding space coordinates
(£,77) for all the flow variables.

Numerical Examples

A few examples were calculated using the ISU Cyclone
computer for both N2 and 02 atmosphere corresponding to

-2.0

.t: 1.8c/>c
<D
O 1.6

1.0

Mca- 18.5
!e • 26.6%

26.4
69.8%

M,,- 23.8
a e » 53.6%

M«o« 12.7
a f i- 5.7%

I I
1.0 I.I 1.2 1.3 1.4 1.5

Streamline angle, 4
1.6

Fig. 6 Density distribution along streamline for N2 at-
mosphere corresponding to 250,000 ft.
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— Lighthill gas
J_

40 44 48 52 56 60 64

Streamline angle, 0 deg
Fig. 7 Comparison of QJ between the simple harmonic

oscillator and Lighthill's ideal gas.

an approximate altitude of 250,000 ft. Some of the results
for N2 are presented below. Two models for the diatomic
gas were used in the following examples. One is LighthilFs
ideal dissociating gas for which CP2 = 4R2 was used. The
other model is the simple harmonic oscillator7 for which
Cpz/Rs = (i) + [(T9/2T)/stih(Tv/2T)]* was used. Other
values used in the rate equation are as follows:11

kr = 2.5 X 8.4 (T/3500°K)-2 X 1014 (cm3/rnole)2/sec
mi = 14 g/mole
pd = 130 g/cm3 (for Lighthill's ideal gas)
D = 2.95 X 1011 ergs/g

The boundary values for the flow variables immediately
behind the shock were evaluated at the frozen dissociation
condition from the shock relations for a calorically imperfect
gas. The shock angle @ is taken as 80° for the different free-
stream velocities; thus, the flow is subsonic behind the shock
in all of the cases. One typical streamline is shown in Fig. 2
for N2 at M^ = 26.4 or qm = 25,000 fps. The angle of the
streamline changes from the frozen stream angle 0S = 44° to
equilibrium stream angle Oe = 63.8°; 0S corresponds to the
wedge angle that would produce the shock if the flow re-
mains frozen (da/dt = 0) behind the shock, and Be corresponds
to the wedge angle that would produce the shock if the flow
attains equilibrium immediately (da/dt -> °°) behind the
shock. In Figs. 3-6, the changes of a, T7, p, and p along the
streamlines by using the simple harmonic oscillator model are
plotted for various Mach numbers from 12.7 to 26.4. For
all the examples considered, it is interesting to note that the
temperature exhibits a large decrease and the density a large
increase as the flow approaches equilibrium, whereas the
pressure increases rather insignificantly.

A comparison of the results obtained from the models of

— — Simple harmonic oscillator

40 44

Streamline angle, 0 deg
Fig. 8 Comparison of temperature distribution between
the simple harmonic oscillator and Lighthill's ideal gas*

simple harmonic oscillator and Lighthill's ideal dissociating
gas is tabulated in Table 1. The difference in ae between
the two models is significant for low dissociation. For
equivalent freestream conditions, the result obtained using
the Lighthill model gives about 8.8% higher dissociation than
the result of ae = 5.7% obtained using the simple harmonic
oscillator model. The difference in ae becomes negligible
as the degree of dissociation becomes higher. Comparison
of a, T, p, and p along streamlines between the two models
is shown in Figs. 7-10, respectively. The difference in tem-
perature is most significant in the region immediately behind
the shock and then decreases rapidly as the flow approaches
equilibrium. It is clear that the vibrational energy, which
is the only difference between the two models, accounts for a
higher proportion of the total gas energy for low dissociation
than for high dissociation. It should be noted that the
pressure and density along streamlines are independent of the
gas model chosen, as illustrated in Figs. 9 and 10, except that
these curves start from different frozen stream angles. This
is to be expected, as shown in Eqs. (22) and (24), since p is
only a function of 0 for a given set of freestream conditions
and p is only a function of 6 for a given pm. One example
has been calculated to compare with Epstein's result using
2Z)/g00

2 = 2, Pd/Pm = 106, Tm = 360°R, and the rate Eq.
(25). For this case, ae = 17% as compared to Epstein's

cee = 19%.

Table 1 Results from the models of simple harmonic oscillator and Lighthill's ideal gas for
ing to 250,000 ft

£ atmosphere correspond-

Gas model

Simple harmonic
oscillator

LighthilTs
ideal gas

#00,

fps

12,000
17,500
22,500
25,000
12,000
17,500
22,500
25,000

PS,
psf

11.7
24.9
41.3
51.0
11.5
24.6
40.6
50.1

z7.,
°R

9454
19188
31157
38259
9939

20797
34182
42129

Ps,
slugs/ft3

6.952X10-7

7.327 X 10~7

7.470X HT7

7.512X10"7

6.548X10-7

6.655X10-7

6.694X 10~7

6.705 X 10~7

<?•»
fps

2652
3793
4843
5369
2716
3934
5046
5603

0,
41.8°
42.2°
43.8°
44.0°
40.1°
40.6°
40.7°
40.8°

ae,
%
5.7

26.6
53.6
69.8
6.2

27.1
53.9
70.1

P',
psf

12.1
26.7
44.8
55.5
12.1
26.8
44.8
55.5

T.,
°R

7130
8440
9334
9744
7164
8445
9304
9734

Pe,
slugs/ft3

9.091 X 10~7

1.425 X 10~6

1.787X10-8

1.908X10-6

9.002XKT7

1.418 X KT6

1.766 X 10~6

1.906X10-6

<1«
fps

2435
3260
4085
4530
2417
3266
4090
4525

Oe

48.8°
58.8°
62.8°
63.8°
48.5°
58.7°
62.6°
63.8°
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— Lighthill gas

M«= 12.7

40 44 48 52 56 60 64
Streamline angle, 6 deg

Fig. 9 Comparison of pressure distribution between the
simple harmonic oscillator and Lighthill's ideal gas.
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